
PHY456:"Lecture 2"
Quantum Mechanical Scattering.
"

Recall:probability current:

jrt:-i (n*r-4VY*).

Ifwe letICFA:In evergy, then

jcrt) =IY1 & (argy). (See HWI)

We have our scattering state 4-ySCAT.

ySA) eit Ex (0,4) e
A amplitude is
dependent on K.

-> Ifwe imagine an experimentwhere many particles are prepared

in the state lysens (identical velocities) (or we repeat

experiment many times) then

#of particles crossing

incoming flux I:area time.Iin unit



so I
=Ajz[eikzy

2Atred limit,
eikzdominates

↑

some constant
r

in other words, for the incoming beam sitters,
jz "amount of probability"crossing unitarea di1 Ein at

a =implies that we need to
include normalization.

and clearly, all being probabilistic, particle # flux probability flux.

=>I=A.K.
Choose Ato have (I):aparticle, cancel

· Whatabout fluxin de:sind dody?

Here, we musttake into account Enlo.4) et only.

PHYSICALLY: beam has finite width. We look at (8,4)r-o

such that do is outside beam.

MATH:r-so interference term vanishes between eillz's

Inlge) er vanishes when integrated over small den

cart from when 0=0 (see HW).

(Highly oscillating, due to Riemann-Lebesque Lemmal

It makes sense that as to the component of



4 =Ex(8,e) e is in the direction (other components

Jr =I Flange
die of

fasterthat
can
easierthancan

Ifilo, -w

e

dS =rdr

so probability flux through ds: ride is

similar to ↑IJrlds=Ifilo,e) de
normalization
for'='

and dN18,4) =

I particles crossing derl-o
in unittime.

(i)
- Hilo,el der

same constant

as before in
I units.

Our definition ofdelo,e) was - Artalesthrough
e

with du(8,9):I do(8,4), (ii)

hence

I=A. K.
(iii)



Using (i), (ii), (iii) we find

Mostimportant
dolo,)= IfK0,4)1 de result thus far!

Cow) = I fx(0,44.

Before going on:SuMMar]de
[1]

Kin -> ⑳

F

v(r)

[2]

↳scatr)) ei Eoin
Stationary scattering solution,

physically motivated.

[3]

I,(8,4) determines age- IEn18,41R
:# events in dr/unit time.

= "Differential Scattering Cross Section"

· BORN SERIES APPROXIMATION

->Determine y(o) from scattering equation (0+12 - M(r)4(r) =0

given by yirt)e**-Eater

-> Use approximation methods (perturbation theory)



We have that

(02 +12- x(r)) 4(5) =0

=>(02
+12) y(5) =x(r) 9(5).
-

TRICK: turn thisinto an integral equation

and find iterative solution where finite

terms are taken: "BORN senes"

Use Green's function:

102 +12) G(r) =
8"(r).

2CA:G=(r)= -ratike (I= min")
5G+=-(v2/eir.- wir lowers - 2 (r) (rei")

↓- "(xir) =6(5) ↓ ↓

=
S(r) eikr ir(-12 +2iKeikr +eitr

This 1024x2) (i) =sirs

-Str)eikreike_heir,neilr_ eter
-S(r)eikr

=Stil

with the solution G):-pirC****.



How does thishelp?Let some function
e) H

(82+12) Y(F) =H(r) (for inhomogenicty)
#

4(5) =40(r) +(dr'H(r) G(8-)
solution tohomogeneous equation.

182+k2) 4.(r) =0
when U(r) = 0.

=>(02+k2)(dr'H(r) G(r-r) =(r)

=(dr'H(r)G(r-) =(r)

f(r- i)

=far'H(r) 8"(r-) =(r) V.

Thus the complete solution for y(it is (For H(r) =2(5)4(5))

4(5) =40(5) +(dr'G-(r-r) y(r)U(w) Outgoing = ex plane wave.

I because we
But missing eikz for

incoming on 4SCATCF).
wantoutgoing waves

post-scattering. -> can fixby demanding
it be there

-
ikzqky) =2 +(drG +

(0-v)ySA+T(r)

SCATTERING SOLUTION

CLEADING ORDER IN BORN APPROX.)

Our goal is to iterate the solution to determine

a perferbative form:



Perturbate:Imagine ecrl is "small":

ikz

YSCATT(r) =e + "small...

ik.LEADING ORDERGSATT():e"l + fdr'G+(r- )W(r) e
+Sar'dr"G+Cr-r)H(r')G+(r'- r") e(r") e

"r"

ik.f"

- fdrd"G-C-r) Kr') G+C'-")WCr") G+2"-r") r(r" e

Butwe aim tohisuse leading order term in PHY45.

->Leading order term (1 gives good approximation and a closed- form

solution (we'll see - very usefull

Thus:
·DER)

kr=K2(i
=x=only)

[LEADING
SCATT

4 (r) =
eikz

+(r'G+(r-) ein' v(r')
IK IF- r'l

~eine-dr' Err ei* r(E).
↓

still complex, but recall that we're after

the solution

GSAT(r))ei* +filo,e)e

Take r= 0 in integrand:
*let-I



iK /F- Fl#Exponent e we have I8-E =projection of I on F

so 21is

aidea
asincrease

is
I-r=r - Er

=r - r. Substantial:has source

of finite size, so vis
limited to this region.

THUS

ySCATT(r):eiKE-Sreilz-.k) u(r'
ACLOSED FORM:

ONLY DEPENDS ON (0,4)!

which, when compared toSCA+(F)=e2+ ExC8,4) e
we find

filo,)-- im(dreil"Z'-*co,y.r'x(r)
BORN APPROXIMATION FOR

SCATTERING AMPLITUDEFIO,4).

Note thatthis iswritten with two differentwave rectors in(in): KE

and out) = K(8,4) since a momentum change has a high

probability of occuring.

Itfollows that, since uct=EVIFL,

dom=t") (dr Vr) e:-(iin-ilo (0,41112



which can be interprated as the Fourier Transform ofV(i)

with respect to momentum transfer.

Importantquestion when invoking perturbation theory:

Obviously, thismay be evaluated for any vii) where Sdr

converges ... but when is thistobe believed?

(will eventually be addressed)...
R=screeninglength
↓

· Example:Yukawa Potential V(r)=&e GutV(r)=-gener
g:coupling interaction

constant.

->Describes Masons, "Screened coulomb"...

Since I is spherically symmetric, we expectno y-dependence in (0,4) or
do(8, 4).

akl

* 8:scattering angle, do notconfuse i
3

-> E
integration variable '

-iK2' +iK (8,4). F

Better to write:Ja'r' Vir' e
=Sdr'VrYerir

i=iin_iart)(0,4)

Since VIII is direction-independent, we can choose a convenient

Exis such thatI'll 2:



-Ye
in'ricose

(r VE enricoso'_(Iandcosady e

-far zi. Jaen, k'ucosapose
· (ras)

=24.drere(eitta_etir
=- (odrt(e*-ibretting

Letr=et: dr'=Rdt', dt'=d

-- re(t(e-)1+ie) t)-ier
Sodens- I!
(Fire intel
-...

=44xr2.K=(l-o*
So k
=xlins,plot)2_yin

=2k2(1-20s0)

since momentum mustbe

conserved, and scattering angle
is 0.

=42.2osa)
↓- cost =2sin



Back to Born approximation:

dis = 17,10,4di

-?")since) exsina do

Again, for V =x erm; as 1-1.coulomb

and x =zz'el (Bohr)

16 π(zz'e2

daycos-wesin
the

E=E2, KY:4

-zzeh
Rutherford's Formoke!

--

The Yukawa result:

dis = ?")since) exsina do
q

· At KK I range, itbecomes isotropic

Cde Broglie Wavelength E=A, P: hR
recall Idy -)

=>Dose is much greater than the range ofpotential



· On the other hand, angular dependence is

shortest for 11 and "beamed"near two.

But when is the Born Approximation "Good"?

↳ Is good if smallterm is 'leading' term.

is Zeice x eikz Gwa ro (roFrange ofVI}

/Sdr'G_Cr-r)ecrlle' feint [waro

-3 (ii) an verse"as I

If UCF =x(r =Ev(r) (spherical)

=>)(dreir'sinkr'V(r))

s 25o: depth,width/height
of V

=Size where V(r) is appreciable" -

Limit Analysis:
1) Low energy limit (1-0; Vo -2)

· Vo energy of particle of deBroglie wavelength to

(if attractive, I shouldn'tbind other particles in



the to regionl

2) High energy limit (Now(Kroll judiciously drop
oscillation term

· If good at low k, also good at high K.

Next:angular momentum for central potentials.


